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Abstract
Strong and ultra-strong light-matter coupling are remarkable phenomena of quantum electro-
dynamics occurring when the interaction between a matter excitation and the electromagnetic
field cannot be described by usual perturbation theory. This is generally achieved by coupling
an excitation with large oscillator strength to the confined electromagnetic mode of an optical
microcavity. In this work we demonstrate that strong/ultra-strong coupling can also take place in
the absence of optical confinement. We have studied the non-perturbative spontaneous emission
of collective excitations in a dense two-dimensional electron gas that supperradiantly decays into
free space. By using a quantum model based on the input-output formalism, we have derived the
linear optical properties of the coupled system and demonstrated that its eigenstates are mixed
light-matter particles, like in any system displaying strong or ultra-strong light-matter interac-
tion. Moreover, we have shown that in the ultra-strong coupling regime, i.e. when the radiative
broadening is comparable to the matter excitation energy, the commonly used rotating-wave and
Markov approximations yield unphysical results. Finally, the input-output formalism has allowed
us to prove that Kirchhoff’s law, describing thermal emission properties, applies to our system in
all the light-matter coupling regimes considered in this work.
PACS numbers: 78.20.Bh, 78.67.De, 71.45.Gm, 71.36.+c
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I. INTRODUCTION
Strong and ultra-strong light – matter coupling regimes refer to systems in which light-
matter interaction cannot be described within the framework of a perturbative theory. Most
commonly, in condensed matter systems, these regimes are reached by inserting a material
excitation at energy Ematter into a resonant microcavity. Indeed, as the coupling energy ER
is inversely proportional to the square root of the cavity volume, light – matter interaction
can be strongly enhanced by a tight photonic confinement and ER can become greater than
the intrinsic material and photonic linewidths. This situation is schematized in fig. 1a:
the non-perturbative nature of the coupling between the matter excitation and the resonant
photon mode manifests itself through the appearance of two new mixed light – matter states,
the microcavity polaritons1, whose energy separation is related to the coupling energy ER.
In the usual strong coupling regime (ER ≪ Ematter), the energy of the two polariton states
at resonance varies linearly with the coupling energy. The ultra-strong coupling regime is
obtained when the coupling energy is of the same order of magnitude as that of the matter
excitation (ER ≈ Ematter)2. In that case, the routinely invoked rotating-wave approximation
(RWA) is no longer applicable and the light-matter interaction Hamiltonian has to include
anti-resonant terms. Due to these terms, the polariton branches are not linear anymore
as a function of the coupling energy2. The observation of such a non-linearity has been
considered as the signature of the ultra-strong coupling regime in several material systems:
superconducting circuits3,4, cyclotron transitions5 and cyclotron plasma6, Frenkel molecular
excitons7,8, dye molecules9, intersubband transitions in quantum wells10–12.
The strong coupling regime can also be observed in the absence of optical confinement:
when the coupling between a material oscillator and free space radiation is so strong that
the spontaneous emission rate is comparable to the non-radiative damping rate, the optical
resonance becomes radiatively broadened (as sketched in fig. 1b) and the properties of the
system cannot be described using a perturbative treatment of the light-matter interaction13.
In this work we show that ultra-strong coupling with free space radiation can be achieved
when the matter excitation is a collective mode with extremely large oscillator strength
and the radiative broadening is of the same order of magnitude as the matter excitation
energy. Such a situation arises in very dense two-dimensional electron gases confined in
semiconductor quantum wells (QWs). Indeed in these systems, dipole-dipole interaction
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FIG. 1. Sketch of two systems in the ultra-strong coupling regime. In panel (a) a matter excitation
is coupled with a resonant microcavity mode, giving rise to two new eigenmodes, the microcav-
ity polaritons. In the ultra-strong coupling regime the energy separation between the polaritons,
proportional to the coupling energy, is comparable with the matter excitation energy. Panel (b)
sketches a matter excitation coupled with free space radiation, with a radiative broadening com-
parable to the matter excitation energy.
among electronic transitions between confined levels of the quantum well (intersubband
transitions) is responsible for the emergence of a bright collective mode of the electron gas,
gathering the entire oscillator strength of the system14. This collective mode, known as mul-
tisubband plasmon, has a superradiant nature15: radiative lifetimes as short as 10 fs have
been reported, thus much shorter than any non-radiative scattering process in the structure.
As the radiative broadening is larger than the non-radiative one, the collective excitation
can be considered as strongly coupled with free space radiation: light – matter interaction is
a non-perturbative phenomenon, giving rise to mixed states. When the broadening becomes
comparable to the oscillation frequency of the emitted mid-infrared radiation, the system
enters the ultra-strong coupling regime and we show that, in that case, the RWA leads to
unphysical predictions for the linear optical properties of the doped semiconductor layer,
similarly to the microcavity case. Furthermore we show that Markov approximation, which
is widely used in quantum optics, is not appropriate to describe ultra-strong coupling with
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free space radiation. Our theoretical model uses the input - output formalism16 to solve
the non-markovian equations for the dynamics of the coupled system. For an optical input,
this formalism allows calculating the optical properties of the electron gas (transmissivity,
reflectivity, absorptivity). For an input corresponding to the thermal fluctations of an elec-
tronic reservoir, we calculate the incandescent emission of the system and demonstrate that
it follows Kirchhoff’s law of thermal emission for a grey body17. In complement to the
input-output description, we also perform the full diagonalization of the hamiltonian of the
coupled system, thus describing the mixed light – matter states and the associated Hopfield
coefficients. This second approach provides the dispersion not only of the radiative, but also
of the non-radiative (or localized) eigenmodes of the system.
The manuscript is organized as follows. In section II, we present our microscopic model
of the collective excitations of the electron gas, the multisubband plasmons (MSPs). It is
based on the dipole representation of the light-matter interaction in the Coulomb gauge18,19.
Section IIIA provides the hamiltonian description of the full system which includes the MSP
modes and their coupling to a photonic and an electronic reservoir. The time-evolution of
this system is investigated in sections III B and IIIC, where we derive the input-output
relations16,20,21. In section IV, we apply this resolution method to the case of an optical
input and compute the MSP absorptivity, transmissivity and reflectivity. The different
regimes of light – matter interaction are then analyzed, with particular attention to the ultra-
strong coupling regime. We study the role of anti-resonant coupling terms and show that
they influence significantly the spectral shape of the plasmon resonance when the radiative
broadening is comparable with the plasmon energy, thus RWA is not appropriate to describe
the ultra-strong coupling regime. We also show that Markov approximation is not accurate
in this regime. Section V describes the MSP emission under an electronic excitation using
the same input-output formalism. Finally section VI presents the diagonalization of the
full light – matter coupled Hamiltonian, together with an analysis of the properties of the
new eigenstates of the system. Conclusions and perspectives of this work are drawn in
section VII.
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II. SUPERRADIANT STATES IN DENSE ELECTRON GASES: MULTISUB-
BAND PLASMONS
Our system is based on a highly doped semiconductor quantum well (QW) with several
occupied subbands. Radiation polarized along the growth direction z induces intersubband
transitions, as sketched in the inset of fig. 2a, where each transition is represented as an os-
cillator along z. In this system dipole – dipole interaction between intersubband excitations
is responsible for a strong modification of the optical spectrum18, with the emergence of new
bright collective modes, the multisubband plasmons14 (MSP).
In ref. 19 we have presented a quantum model allowing the calculation of the multisub-
band plasmon states in a highly doped quantum well. In this model the light – matter
coupling is treated by using the dipole representation of the Coulomb gauge18, in which the
interaction Hamiltonian is expressed as a function of the intersubband polarization density
P and of the displacement field D as:
Hint =
1
ǫ0ǫs
∫ [
1
2
P2(r)−D(r) ·P(r)
]
d3r = Hdd +H
ph
I (1)
with ǫs the material permittivity. The first term, Hdd, accounts for dipole – dipole coupling
between intersubband transitions, whereas the second one, HphI , describes the coupling of
the electronic excitations with the external field. As intersubband transitions are associated
with a dipole oscillation along the growth direction z, only the components Pz and Dz
contribute to the interaction Hamiltonian.
The intersubband polarization density operator is calculated as18:
Pˆz(z, r||) =
∑
α,k
jα(z)
wα
eik·r||
(
B†α,k +Bα,−k
)
(2)
with α the intersubband transition index, wα the intersubband transition frequency, and k
the in-plane wavevector of the transition. The operators B†α,k, Bα,k are bosonic creation and
annihilation operators of the intersubband excitations. As only the transitions with low |k|
are coupled to light, the electronic dispersion can safely be neglected and wα is assumed
independent of k. The quantity jα(z) is the intersubband current density and it is com-
puted from the electronic wavefunctions together with the occupation of the corresponding
subbands19.
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FIG. 2. (a) Low angle absorption of a 15 nm thick GaInAs/AlInAs quantum well with electronic
density Ns = 1.5× 1013 cm−2. The inset is a sketch of the interacting dipoles associated with the
different intersubband transitions. The dashed line indicates the Fermi energy. (b) Plot of the
current densities associated with the three bright multisubband plasmons of the same quantum
well.
The multisubband plasmon Hamiltonian is given by18:
Hpl =
∑
α,k
ℏwαB
†
α,kBα,k +Hdd (3)
As the dipole-dipole coupling induced by Hdd is quadratic in the operators Bα, the
Hamiltonian Hpl can be diagonalized through a Bogoliubov transformation to obtain its
eigenmodes, the multisubband plasmons, characterized by the eigenfrequencies ωn and the
bosonic creation and annihilation operators P †n,k and Pn,k, which are linear combinations of
B†α,k and Bα,k. The polarization then takes the form:
Pˆz(z, r||) =
∑
n,k
Jn(z)
ωn
eik·r||
(
P †n,k + Pn,−k
)
(4)
Here Jn(z) are the current densities associated with the MSP eigenmodes, computed from the
Bogoliubov coefficients. These quantities describe the spatial distribution of the collective
electronic excitations and thus characterize the polarization of the medium, induced by the
coupled intersubband transitions.
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FIG. 3. (a) Spontaneous emission rate ℏΓ0 of the main bright multisubband plasmon of a 100 nm
wide GaInAs/AlInAs quantum well, plotted as a function of the electronic density in the quantum
well Ns. The dashed line shows the typical value of the plasmon non-radiative decay rate ℏγ. (b)
Plot of the critical angle such that ℏΓ(θ) = ℏγ as a function of Ns for the same quantum well.
As an example of application of our model, let us consider a 15 nm GaInAs/AlInAs quan-
tum well with electronic surface density Ns = 1.5 × 1013 cm−2. The absorption spectrum
calculated in a single particle picture is represented by the blue line in fig. 2a, display-
ing resonances at the energies of the optically active intersubband transitions. The red line
presents the absorption spectrum calculated by taking into account the dipole – dipole inter-
action, showing that the coupling between intersubband transitions results in multisubband
plasmon resonances at different energies with respect to the bare transitions. Figure 2b
presents the calculated MSP current densities. It can be shown19 that the effective oscillator
strength of the MSPs, i.e. the absorption amplitude, is proportional to
∣∣∫ dzJn(z)∣∣2. Panels
(a) and (b) show that, in agreement with experimental observations, a main bright mode
concentrates almost the entire oscillator strength of the system.
The spontaneous emission rate of the MSP is also proportional to
∣∣∫ dzJn(z)∣∣2. For
the main bright multisubband plasmon, at frequency ω0, the spontaneous emission rate
calculated by using Fermi’s golden rule, is given by:
Γ(ω0, θ) = Γ0
sin2 θ
cos θ
with Γ0 =
S
ℏǫ0
√
ǫs
| ∫ dz J0(z)|2
c ω0
∝ Ns (5)
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In this formula, S is the system area, θ is the emission angle of the bright plasmon, deter-
mined by its frequency ω0 and its in-plane wavevector k according to sin θ =
ck√
ǫsω0
. The
expression for Γ0 is derived in appendix A. Note that the current density J0 is proportional
to S−
1
2 so that Γ0 is independent of the system area
19 (as long as the dimensions of the
system are large compared to the optical wavelength). Figure 3a presents the spontaneous
emission rate ℏΓ0 calculated for a 100 nm GaInAs/AlInAs quantum well, as a function of
the electronic density per unit surface Ns. The spontaneous emission rate is approximately
proportional to Ns and it can reach several tens of meV, which is larger than the typical
non-radiative broadening of the plasmon resonance, ℏγ ≃ 10 meV. This was experimen-
tally demonstrated in ref. 15 in a highly doped GaInAs quantum well, where a spontaneous
emission time as short as few tens of femtosecond was measured. This is much shorter
than any non-radiative scattering event and therefore plasmons are in the strong coupling
regime, where their relaxation dynamics is dominated by the radiative rate. In the following
sections we show that in this regime the interaction of the MSP with free space radiation
cannot be treated perturbatively and that the absorptivity of the quantum well ceases to be
proportional to Ns.
In addition, the emission rate in equation (5) depends strongly on the angle θ and diverges
at 90◦. Therefore any QW system reaches the strong coupling regime for large enough θ.
This is illustrated in figure 2b, which shows the density dependence of the angle θ for which
the strong coupling condition ℏΓ(ω0, θ) = ℏγ is fulfilled in a GaInAs/AlInAs quantum well.
It can be seen that up to Ns = 10
12 cm−2 (i.e. in the case of usual intersubband devices),
the critical angle is extremely close to 90◦, and the plasmons can be considered in the weak
coupling regime. However for higher doping levels, the critical angle decreases, reaching 40◦
atNs = 10
14 cm−2. In that case the MSPs are in strong coupling with the free space radiation
for most angles θ, and light-plasmon interaction must be described non-perturbatively.
At high densities Ns and high angles θ, the bright plasmon even reaches the regime of
ultra-strong coupling with free space radiation when Γ(ω0, θ) is comparable with the bare
frequency ω0. In that regime, the frequency dependence of the emission rate must be taken
into account, and, even in the absence of a photonic confinement, the anti-resonant terms
of the light-matter interaction modify substantially the lineshape of the plasmon resonance
and are necessary to ensure that MSP reflectivity is suppressed at high frequencies, as it
will be discussed in the following.
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FIG. 4. Schematic representation of the multisubband excitation of a doped quantum well, together
with the incoming and outgoing optical radiation and associated operators.
III. INPUT – OUTPUT THEORY OF SUPERRADIANT STATES
The dependence of the MSP spontaneous emission rate on the light propagation direc-
tion and on the electronic density allows observing three different light-matter coupling
regimes: weak, strong and ultra-strong coupling. In order to describe within the same the-
oretical framework the three regimes, it is necessary to treat the interaction between the
electromagnetic field and the MSP in a non-perturbative way, including the anti-resonant
terms. Furthermore, it is important to take into account both radiative and non-radiative
broadening of the plasmon.
These two requirements are fulfilled by our quantum model, presented in this section. It is
based on the resolution of time evolution equations in the input – output formalism. When
considering an optical input (section IV), we describe the optical properties of the MSP
(reflectivity, absorptivity, transmissivity). In the presence of an electronic input (section
V), our model allows calculating the MSP incandescent emission. Note that, even though
the model is applied to the study of MSP properties, its results, expressed in terms of
normalized quantities, are general and also apply to other systems with radiatively broadened
excitations.
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A. Coupled system Hamiltonian
The multisubband plasmons are coupled with two reservoirs: the free electromagnetic
field in the dielectric medium and a bath of electronic excitations responsible for the non-
radiative broadening of MSPs. The complete Hamiltonian of the system is composed of:
H = Hpl +Hel +Hph +H
el
I +H
ph
I ,
with the isolated system Hamiltonians:
Hpl +Hel +Hph =
∑
n,k
ℏωn,kP
†
n,kPn,k +
∑
n,k
∫
dΩ ℏΩ b†n,k,Ωbn,k,Ω
+
∑
k
∫
dΩ ℏΩ a†
k,u,Ωak,u,Ω +
∑
k
∫
dΩ ℏΩ a†
k,d,Ωak,d,Ω
The operators ak,u,Ω and ak,d,Ω describe respectively the continuum of upward and downward
propagating photon modes of the electromagnetic environment of the well. We denote Ω
the photon frequency, such that Ω = c√
ǫs
√
k2 + q2, where k and q are respectively the
in-plane and growth axis components of the photon wavevector (see fig. 4) and ǫs is the
dielectric constant of the embedding semiconductor. Note that only transverse magnetic
(TM) polarized modes are considered since transverse electric modes do not couple with
the MSP polarization, which is oriented along the growth axis z. The charge density wave
associated to the MSP, with a dipole oriented along the growth direction, is sketched in
figure 4 (red arrows).
The light-matter interaction HphI characterizes the coupling between the MSP modes and
the photonic reservoir. As the system is invariant under translation along the quantum well
plane, this interaction conserves k, and each MSP is coupled to all photon modes with the
same in-plane wavevector so that HphI takes the form:
HphI = iℏ
∑
k,n,s
∫
dΩ Wn,k,Ω
[
a†
k,s,Ω − a−k,s,Ω
] [
Pn,k + P
†
n,−k
]
(6)
where s labels the upwards and downwards photon modes andWn,k,Ω is the coupling constant
between the plasmon n and the photon with frequency Ω and wavevector k. Wn,k,Ω, whose
expression is provided in appendix A, is proportional to the integrated MSP current density:
Wn,k,Ω ∝ |
∫
dz Jn(z)|. Hamiltonian (6) includes not only resonant terms, i.e. products of
an annihilation and a creation operator, which describe photon emission and absorption,
10
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FIG. 5. Schematic representation of the MSP discrete modes, and of the electronic and photonic
bath, labeled by the corresponding operators and coupling constants.
but also anti-resonant terms, involving two annihilation or two creation operators. The last
will be shown to play a determinant role in the optical response of highly doped QWs.
The bosonic operators bn,k,Ω describe a reservoir of electronic excitations responsible for
non-radiative relaxation and excitation of MSPs. Similarly to light-matter interaction, the
coupling between plasmons and the electronic bath is written:
HelI = iℏ
∑
n,k
∫
dΩ
[
Kn,k,Ωb
†
n,k,Ω −K∗n,k,Ωbn,−k,Ω
] [
Pn,k + P
†
n,−k
]
The coupling constants Kn,k,Ω will be specified later. Figure 5 provides a schematic repre-
sentation of the multisubband plasmon states and of their coupling with the two bosonic
reservoirs.
In the following, we focus on the optical properties of highly doped structures with a
single bright MSP, as discussed in relation with fig. 2 and experimentally observed in ref. 14.
Its eigenfrequency is denoted ω0 and the coupling of other plasmons with the electromagnetic
field is neglected.
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B. Time evolution equations
In the Heisenberg representation, the time-evolution of the bath and plasmon operators
under the Hamiltonian H is given by the following equations:
a˙k,s,Ω = −iΩ ak,s,Ω +Wk,Ω
[
Pk + P
†
−k
]
(7)
b˙k,Ω = −iΩ bk,Ω +Kk,Ω
[
Pk + P
†
−k
]
(8)
P˙k = −iω0Pk +
∫
dΩ
[
K−k,Ωb
†
−k,Ω −K∗k,Ωbk,Ω
]
+
∑
s
∫
dΩ
[
W−k,Ωa
†
−k,s,Ω −Wk,Ωak,s,Ω
]
(9)
We introduce initial time t0 and final time t and define the input and output operators:
ain
k,s,Ω = ak,s,Ω(t0) e
iΩt0 and bin
k,Ω = bk,Ω(t0) e
iΩt0
aout
k,s,Ω = ak,s,Ω(t) e
iΩt and bout
k,Ω = bk,Ω(t) e
iΩt
In the limit t0 → −∞, and t → +∞, equations (7) and (8) yield the relation between the
output fields aout and bout and the input operators ain and bin:
bout
k,Ω = b
in
k,Ω +Kk,Ω
[
P˜k(Ω) + P˜
†
−k(Ω)
]
(10)
aout
k,s,Ω = a
in
k,s,Ω +Wk,Ω
[
P˜k(Ω) + P˜
†
−k(Ω)
]
(11)
where P˜k(ω) and P˜
†
−k(ω) are the Fourier transform of the operators Pk(t) and P
†
−k(t), re-
spectively. The creation and annihilation plasmon operators are related by the following
formula, obtained by taking the hermitian conjugate of equation (9):
P˜ †−k(ω) =
ω0 − ω
ω0 + ω
P˜k(ω) (12)
By Fourier transforming equation (9) we also get:
P˜k(ω) =
F˜k(ω)
i(ω − ω0)− 2ω0ω0+ω
[
Γ˜
k
(ω)
2
− Γ˜∗k(−ω)
2
] . (13)
The factor 2ω0
ω0+ω
in this expression is due to anti-resonant coupling terms. It is unity for
ω = ω0 but it becomes significant far from the resonance, thus profoundly affecting the
optical response of highly doped QWs, as it will be discussed in section IV.
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The damping kernel Γk = Γ
ph
k
+ Γel
k
is defined in time domain as a function of the delay
τ :
Γel
k
(τ) = 2Θ(τ)
∫
dΩ |Kk,Ω|2 e−iΩτ (14)
Γph
k
(τ) = 2Θ(τ)
∫
dΩ 2W 2
k,Ω e
−iΩτ (15)
where Θ(τ) is the Heaviside function. The additional factor 2 in expression (15) is due
to the presence of upward and downward propagating modes which both contribute to the
plasmon radiative damping.
The function F˜k = F˜
el
k
+ F˜ ph
k,u + F˜
ph
k,d is the driving force defined as:
F˜ el
k
(Ω) = 2π K∗
k,Ω b
in
k,Ω (16)
F˜ ph
k,s(Ω) = 2π Wk,Ω a
in
k,s,Ω (17)
Note that F˜k is zero for negative Ω, as all the bath operators have positive energy. Indeed,
due to the presence of antiresonant terms, including negative-frequency contributions would
yield unphysical results, with non-zero output even for a vacuum input.
Combining equations (10) and (11) with (13), (16) and (17), we derive a linear relation
between the input and output fields:

aout
k,u,Ω
aout
k,d,Ω
bout
k,Ω

 = U(k,Ω)


ain
k,u,Ω
ain
k,d,Ω
bin
k,Ω

 (18)
The input-output matrix U(k,Ω) is a unitary matrix whose coefficients are specified in the
following. It is a generalized scattering matrix of the multisubband plasmon, describing the
output corresponding to an optical or to an electronic input. The unitarity of the matrix
ensures the following energy conservation relation:
〈aout†
k,u,Ωa
out
k,u,Ω + a
out†
k,d,Ωa
out
k,d,Ω + b
out†
k,Ω b
out
k,Ω〉 = 〈ain†k,u,Ωaink,u,Ω + ain†k,d,Ωaink,d,Ω + bin†k,Ωbink,Ω〉 (19)
C. Radiative and non-radiative damping
Radiative and non-radiative damping functions Γ˜ph
k
and Γ˜el
k
are evaluated by Fourier
transforming relations (14) and (15). The real part of the photon damping function is given
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by (see appendix A):
Re
[
Γ˜ph
k
(ω)
]
= 2
∫
dΩ 2W 2
k,Ω π δ(ω − Ω)
= 4π W 2
k,ω (20)
= Γ0
ck2
√
ǫsω0
√
ǫsω2
c2
− k2
Θ
(
ǫsω
2
c2
− k2
)
(21)
It characterizes the decay of the MSP mode due to its interaction with the photonic bath.
Optical experiments are usually performed at a fixed light propagation angle θ, such that
sin θ = ck√
ǫsΩ
(see fig. 4). It is thus useful to write the real part of the photon damping
function as:
Γ(θ, ω) = Γ0
ω
ω0
sin2 θ
cos θ
= Γ(θ, ω0)
ω
ω0
(22)
The emission rate Γ(θ, ω) is proportional to that obtained using Fermi’s golden rule and
provided in equation (5). However in the input-output approach, the radiative decay rate is
also frequency-dependent: this dependence is characteristic of non-markovian dynamics and
it will be shown to be determinant in the ultra-strong coupling regime. Only at resonance,
ω = ω0, does the emission rate Γ(θ, ω) coincide with the result obtained by Fermi’s golden
rule. Equation (21) also shows that the real part of Γ˜ph∗
k
(−ω) is zero.
The imaginary part Im
[
Γ˜ph
k
]
corresponds to a shift of the plasmon frequency, known in
atomic physics as Lamb shift22. However, it is shown in appendix A that the imaginary
parts of Γ˜ph
k
(ω) and Γ˜ph∗
k
(−ω) are equal, so that the Lamb shift is zero for the system under
study. Therefore, only the real part of the damping function Re
[
Γ˜ph
k
(ω)
]
= Γ(θ, ω) has
to be considered in equation (13). The vanishing Lamb shift is a peculiar consequence
of the dependence on Ω of the coupling constant Wk,Ω. This dependence is characteristic
of the coupling between a two-dimensional excitation polarized along z, and the three-
dimensional electromagnetic radiation. Note that the vanishing Lamb shift is also obtained
as a consequence of the long-wavelength approximation, q ≪ L−1 (with L the QW width).
For thick heterostructures, e.g. containing several QWs, the shift might be non-zero and it
might even be enhanced by the superradiance effect23,24.
As for the electronic damping, the imaginary part of Γ˜el
k
is neglected, and its real part is
approximated by a constant, according to Markov first approximation21. More precisely, we
use the following expression:
Γ˜el
k
(ω) = 2π |Kk,ω|2 ≡ γ Θ(ω) (23)
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In this equation the Heaviside function Θ must be included because considering excitations
of the electronic bath with negative frequency ω would be unphysical16. Indeed, due to
the presence of antiresonant coupling terms, setting simply Γel
k
(ω) = γ, as in usual Markov
approximation21, suppresses the effect of non-radiative damping because of spurious com-
pensation between resonant and anti-resonant plasmon decay processes.
IV. OPTICAL PROPERTIES OF SUPERRADIANT MODES
The optical scattering matrix provides the output (or scattered) radiation corresponding
to a given input (or incident) radiation. It is given by the upper-left block of the input-output
matrix U :
tk(Ω) = U
1
1 (k,Ω) = U
2
2 (k,Ω)
rk(Ω) = U
1
2 (k,Ω) = U
2
1 (k,Ω)
According to the analysis of the previous section, the angle-dependent transmission and
reflection amplitudes are given by:
t(θ, ω) =
i(ω − ω0)− 2ω0ω0+ω
γ
2
i(ω − ω0)− 2ω0ω0+ω
[
γ
2
+ Γ(θ,ω)
2
] (24)
r(θ, ω) =
2ω0
ω0+ω
Γ(θ,ω)
2
i(ω − ω0)− 2ω0ω0+ω
[
γ
2
+ Γ(θ,ω)
2
] (25)
From these formulae, we can derive the absorptivity of the QW:
α(θ, ω) = 1− |t(θ, ω)|2 − |r(θ, ω)|2
=
4ω2
0
(ω0+ω)2
γΓ(θ,ω)
2
(ω − ω0)2 + 4ω
2
0
(ω0+ω)2
[
γ
2
+ Γ(θ,ω)
2
]2 (26)
It is important to underline that the expressions obtained for r and t are identical to the
one derived in Ref. 25, using a semiclassical description of the MSP optical properties based
on a non-local susceptibility formalism.
The angle-dependent reflection and transmission amplitudes and the absorptivity can
be recast as functions of three dimensionless parameters: the dimensionless frequency ω
ω0
,
the damping ratio g = Γ(θ,ω0)
γ
and the quality factor Q = ω0
γ
. The value of these two last
parameters is crucial as it determines the light–matter coupling regime in which the system
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FIG. 6. (a) Plot of the absorptivity α(θ, ω) as a function of the normalized frequency ω
ω0
for different
values of the ratio between radiative and non-radiative damping rates g = Γ(θ,ω0)
γ
. (b) Reflectivity
|r(θ, ω)|2 spectra calculated for different values of g. (c) Absorptivity (red) and reflectivity (blue)
peak values as a function of g. Dashed lines correspond to the perturbative results valid in the
weak coupling regime. All spectra are obtained for Q = 15.
stands. In the following we distinguish three characteristic regimes associated with very
different optical properties: weak, strong and ultra-strong coupling. Note that the factor
g is approximately proportional to Ns, as shown in section II, and for a given electronic
density it also depends strongly on the incidence angle θ, increasing from zero at normal
incidence to infinity for optical excitation parallel to the QW plane. Therefore the three
different regimes can be experimentally studied by either using quantum wells with different
doping densities, or on a single sample, by changing the incidence angle θ .
Figure 6(a) and (b) present respectively the absorptivity α(θ, ω) and the reflectivity
|r(θ, ω)|2 plotted as a function of the normalized frequency ω/ω0, calculated for different
16
values of g. Clearly the damping ratio g controls the shape of the spectra, as the linewidth
of the plasmon resonance increases steadily with g due to radiative broadening, as well as
their amplitude. This can be ascribed to the fact that absorption and reflection are twofold
processes: the first step is the creation of a plasmon through photon absorption with radiative
rate Γ(θ, ω); the second step is the plasmon decay into the electronic reservoir with a rate γ
in the case of absorption, or back into the photonic reservoir (with rate Γ(θ, ω)) in the case
of reflection. The ratio g determines the dominant decay mechanism and therefore fixes the
relative importance of reflection and absorption processes.
Figure 6(c) summarizes the peak values of the absorptivity (red continuous line) and
reflectivity (blue continuous line) as a function of the damping ratio g. In the weak coupling
regime, i.e. when g ≪ 1 (see inset), MSPs decay mostly through the non-radiative channel
and reflection is largely dominated by absorption. The absorptivity and reflectivity peaks
have a Lorentzian lineshape of width γ
ω0
and respective height 2g and g2, as expected from a
perturbative treatment of the light matter-interaction with fixed non-radiative broadening γ.
Absorptivity and reflectivity calculated in this approximation are plotted as dashed lines in
the inset of figure 6(c), showing a very good agreement with the complete quantum model
up to g = 0.1. This is the situation usually encountered for quantum wells employed in
mid-infrared optoelectronic devices (like quantum cascade lasers or quantum well infrared
photodetectors), where absorptivity is proportional to the electronic density. As an example,
for a GaInAs quantum well with Ns = 5×1011 cm−2, and a typical non-radiative broadening
~γ = 10 meV for a mid-infrared resonance, at Brewster angle θ = 17◦ one gets g ≃ 10−3.
For g > 0.1 the perturbative approach becomes less accurate: the system enters the strong
coupling regime. Absorptivity and reflectivity peak values increase with g at a smaller rate
than expected from perturbation theory (see fig. 6(c)), while the resonance linewidth is
progressively broadened due to the increase of the radiative decay rate.
While the peak value of the reflectivity monotonously increases with g towards one when
g →∞, the absorptivity reaches its maximum value of 0.5 at g = 1, then decreases towards
zero. Indeed at g = 1, critical coupling is achieved: plasmon radiative and non-radiative
decay take place with the same characteristic rate. The width of the absorptivity peak is
then 2 γ
ω0
. Note that, if the QW is placed close to a metallic mirror, the transmissivity
becomes zero at ω = ω0 while the absorptivity is unity. The system thus displays total
absorption at the MSP frequency17. As shown in fig. 3(b), in a GaInAs quantum well for
17
N
o
rm
a
liz
e
d
 F
re
q
u
e
n
c
y
A
b
s
o
rp
ti
v
it
y
,
+-
+
-
(a)
(b)
=,
FIG. 7. (a) Plot of the plasmon absorptivity α(θ, ω) (red continuous line) as a function of the
normalized frequency ω
ω0
. The dashed line results from applying Markov and rotating-wave approx-
imations to the interaction with the photon reservoir. Both spectra are obtained for Q = g = 15,
i.e. Γ(θ, ω0) = ω0. (b) Plot of the normalized frequencies at half the maximum of the absorptivity
ω±
ω0
, as a function of the ratio Γ(θ,ω0)
ω0
. The dashed lines show the values 1±
[
γ
2ω0
+ Γ(θ,ω0)2ω0
]
expected
from Markov approximation. The approximation becomes inaccurate when Γ(θ, ω0) is a significant
fraction of ω0. This deviation is characteristic of the ultra-strong coupling regime.
densities up to Ns = 10
12 cm−2 the critical coupling condition is only reached for θ ≃ 90◦,
and the MSP is in weak coupling with the free space radiation for almost all angles.
For g > 10, the plasmonic decay is mostly radiative, reflectivity monotonously increases
with g, while the peak absorptivity decreases as 2
g
. In this case, the absorptivity at resonance
is thus inversely proportional to the electronic density Ns. This counter-intuitive behavior
is in remarkable contrast with the weak coupling limit. Furthermore, reflection becomes
dominant over absorption, as shown in fig. 6, and the transmissivity at resonance falls
approximately to zero, corresponding to a metallic behavior of the doped layer.
We now investigate the case where not only g ≫ 1, but Γ(θ, ω0) becomes comparable to ω0
(Q ∼ g). We demonstrate that in this regime, corresponding to MSPs ultra-strongly coupled
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with free space radiation, the absorption spectra deviate significantly from a Lorentzian
function. Furthermore anti-resonant terms of the interaction are crucial in preventing an
unphysical high frequency behavior of the reflectivity.
The dashed line in fig. 7(a) presents the absorptivity spectrum obtained applying Markov
and rotating-wave approximations to the light-matter coupling, for Γ(θ, ω0) = ω0 i.e. in the
ultra-strong coupling regime. It is a Lorentzian function centered at ω0 with full width at
half the maximum (FWHM) ω+ − ω− = γ + Γ(θ, ω0). This spectrum is obviously unphys-
ical as the absorptivity tends to a constant value for ω → 0. This unrealistic behavior is
corrected within the full quantum model (continuous line) which does not rely on Markov
approximation for the photonic reservoir: the linear dependence of Γ(θ, ω) on the frequency
ensures that both r(θ, ω) and α(θ, ω) vanish for ω → 0. Figure 7(b) displays a further
representation of the same effect. The frequencies at half the maximum ω+ and ω− (contin-
uous lines) are plotted as a function of the normalized radiative rate Γ(θ, ω0)/ω0. They are
compared to the frequencies at half the maximum obtained within Markov approximation:
ω±
ω0
= 1±
[
γ
ω0
+ Γ(θ,ω0)
ω0
]
. Above Γ(θ,ω0)
ω0
= g/Q = 0.3, that approximation is not accurate any-
more, the system enters the ultra-strong coupling regime and ω± deviate from their linear
dependence. Note that the factor ω/ω0 in Γ(θ, ω) prevents reaching the unphysical value
ω− = 0 for any finite ratio
Γ(θ,ω0)
ω0
. This is reminiscent of the no-go theorem for an electron
gas coupled with a microcavity mode26.
Figure 8a presents absorptivity (red line) and reflectivity (blue line) spectra calculated
in the rotating-wave approximation (dashed lines) and including anti-resonant terms of the
light-matter interaction (continuous lines) in the ultra-strong coupling regime (Γ(θ, ω0) = ω0
and g = 15). The RWA leads to an overestimation of both absorptivity and reflectivity for
ω > ω0 and to an underestimation of these quantities at low frequencies. However, the
most important difference between the RWA results and the full model concerns the high
frequency limit of the optical coefficients. Indeed, in the RWA we find:
|r(θ, ω)|2 −−−−→
ω→∞
Γ(θ, ω0)
2/4ω20
1 + Γ(θ, ω0)2/4ω20
Therefore very far from the resonance, the reflectivity tends to a constant value, which
becomes significant when Γ(θ, ω0) ∼ ω0. This result is obviously unphysical, as the two-
dimensional electron gas should be fully transparent at high frequencies. Including anti-
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FIG. 8. (a) Plot of the absorptivity α(θ, ω) (red line) and the reflectivity |r(θ, ω)|2 (blue line) as
a function of the normalized frequency ω
ω0
. The spectra are obtained for Q = g = 15, i.e. for
Γ(θ, ω0) = ω0. (b) Plot of the normalized frequencies
ω±
ω0
at half the maximum of the plasmon
reflectivity |r(θ, ω)|2 as a function of the ratio Γ(θ,ω0)
ω0
. In both panels, the full line represents the
result of our complete model while the dashed line show the RWA calculation.
resonant terms, reflectivity and absorptivity both tend to zero for large values of ω, so that
high frequency radiation is entirely transmitted through the QW.
This strong deviation from the rotating-wave approximation is the free-space analogue
of that observed in the ultra-strong coupling regime between a matter excitation and a
cavity mode2. In order to clarify the transition from the strong to the ultra-strong coupling
regime between a multisubband plasmon and the free space radiation we plot in fig. 8b the
normalized frequencies at half the maximum ω± of the reflectivity spectrum as a function
of the ratio Γ(θ, ω0)/ω0, with a comparison between the RWA (dashed line) and the full
calculation results (full line). Above Γ(θ, ω0) = 0.3 ω0, the frequencies at half the maximum
calculated with the full model deviate from those obtained in the RWA. As a consequence
Γ(θ, ω0) ≈ 0.3ω0 is considered as the threshold for ultra-strong coupling. This is very
similar to what is observed in the case of ultra-strong coupling with a microcavity, where
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FIG. 9. Schematic representation of the different light-matter coupling regimes identified in the
text, as a function of the decay ratio g. The figure also summarizes the main features that have to
be accounted for in the quantum model to describe each regime, as well as the remarkable values
for the absorptivity at resonance α(θ, ω0).
anti-resonant terms are responsible for the non-linearity of the polariton energies. The upper
branch in figure 8b is more affected by anti-resonant terms than the lower one, as it follows
the unphysical high-frequency behavior of the reflectivity. Finally, note that the condition
Γ(θ, ω0) ≈ ω0 is experimentally accessible, as shown in ref. 17.
The progression between the three different light – matter coupling regimes as a function
of g is represented in figure 9, which also summarizes the theoretical approaches describing
each regime, together with the limits and remarkable values obtained for the absorptivity
at resonance.
V. MULTISUBBAND PLASMON INCANDESCENCE
In the previous section we have investigated the linear optical properties of MSPs and
identified the signatures of the ultra-strong coupling regime between a radiatively broadened
material resonance and the free space radiation. Indications of ultra-strong coupling can also
be searched in the properties of the radiation emitted under an electrical excitation. Our
full quantum model is particularly suited to this aim. In particular it allows calculating
the MSP incandescent emission arising when the photon and the electronic baths have
different temperatures. In further work, the input-output formalism can be applied to study
quantum properties of the emitted radiation in the presence of a modulation of the light-
matter coupling, analogously to what has been done for intersubband polaritons, where
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such modulation has been predicted to give rise to dynamical Casimir effect27,28 and to the
generation of squeezed radiation29.
The incandescent emission process is described as a plasmon-mediated exchange between
the electronic reservoir at temperature Te and the photon reservoir at temperature Tph. Both
baths are assumed to be in an incoherent thermal input state characterized by:
〈bin†
k,Ωb
in
k′,Ω′〉 = nB(Ω, Tel) δk
′
k
δ(Ω− Ω′) (27)
〈ain†
k,s,Ωa
in
k′,s′,Ω′〉 = nB(Ω, Tph) δk
′
k
δs
′
s δ(Ω− Ω′) (28)
with nB the Bose-Einstein occupancy:
nB(ω, T ) =
1
e
ℏω
kBT − 1
with kB the Boltzmann constant. For such incoherent input, given that both H
ph
I and H
el
I
conserve k, the output field also verifies 〈aout†
k,s,Ωa
out
k′,s,Ω′〉 ∝ δk
′
k
. Furthermore, it is naturally
assumed that no correlation is present between the two baths in the input states, i.e. that
products of bin and ain operators always have zero average value. Equation (18) thus yields:
〈aout†s,Ω aouts,Ω′〉 = nB(Ω, Tph)δ(Ω− Ω′)
[|U11 (Ω)|2 + |U21 (Ω)|2]
+ nB(Ω, Tel)δ(Ω− Ω′) |U31 (Ω)|2 (29)
= nB(Ω, Tph)δ(Ω− Ω′) [1− α(Ω)]
+ nB(Ω, Tel)δ(Ω− Ω′) α(Ω) (30)
The second line of equation (30) is a direct consequence of the unitarity of matrix U .
For Tel = Tph, the whole system is at thermal equilibrium, and absorption compensates
emission exactly: the output photon number equals the input one (i.e. the thermal one).
In the out-of-equilibrium case, equation (30) is equivalent to Kirchhoff’s law of thermal
emission: the first term on the right-hand side represents the number of input thermal
photons remaining in the output (i.e. those that are not absorbed), whereas the second
term corresponds to photon emission due to thermal fluctuations in the electronic bath. In
agreement with Kirchhoff’s law, the number of emitted photons is equal to the product of
the absorptivity times the thermal occupancy at temperature Tel.
This result is illustrated in figure 10, presenting the emitted spectrum for a fixed tem-
perature of the photon bath Tph and for three different electronic temperatures Tel. The
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FIG. 10. Radiated power at the critical coupling angle for a MSP coupled with two baths at
temperature Tel and Tph. The black line corresponds to Planck’s law for black-body emission at
thermal equilibrium Tel = Tph. The continuous lines present the calculated radiation spectra when
Tel > Tph (red line) or Tel < Tph (blue line). The dashed lines show Planck’s emission at the
temperature Tel in the two cases.
spectra have been calculated for g = Γ(θ, ω0)/γ = 1, i.e. at the critical coupling angle, in
the presence of a metallic mirror, such that the resonant absorptivity is equal to one. This
situation has been experimentally studied in refs. 15 and 17. For Tph = Tel (black line)
the entire system, including the plasmon and the two baths, is at thermal equilibrium and
the number of emitted photons is simply given by the Bose distribution at the temperature
of the system. For Tel > Tph (red line) the number of emitted photons deviates from the
Bose distribution at temperature Tph and presents a peak at the MSP energy, where the
absorptivity is unity and the number of emitted photons reaches the value nB(ω0, Tel). For
Tph > Tel the emitted spectrum presents a dip at the MSP energy: the plasmon transfers
energy from the hot photonic bath to the cold electronic one.
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The model presented above has been successfully applied to reproduce plasmon emission
experiments in which the two-dimensional electron gas is excited by an in-plane current in
a device based on a field effect transistor geometry where the emitted light is extracted
through a polished facet17. In particular our model has accurately predicted the variations
of the incandescent emission spectrum with the emission angle and the electronic density.
These variations directly follow from the existence of the three regimes discussed in section
IV. In the weak coupling regime, the emitted power increases linearly with Γ(θ, ω0) and thus
with the electronic density15. When the critical coupling condition is met, the emissivity
is maximum17. When γ ≪ Γ(θ, ω0) ≪ ω0, kT , i.e. well into strong coupling but below the
ultra-strong coupling limit, the emission spectrum is still Lorentzian, with a width Γ(θ, ω0)
and an amplitude proportional to 1/Γ(θ, ω0) (for the sake of simplicity, we assume Tph = 0).
Therefore under these particular conditions, the integrated emitted power is independent on
Γ(θ, ω0) and thus on both Ns and θ. Increasing the light-matter coupling strength Γ(θ, ω0)
(for example by increasing the electronic density) only leads to a broadening and a flattening
of the plasmon resonance, without affecting the total power. This peculiar behavior was also
noted in a different superradiant system described in Ref. 30, although it was not explicitly
identified as a result of the strong coupling.
VI. FULL DIAGONALIZATION: PROPERTIES OF THE LIGHT – MATTER
COUPLED STATES
In this section we present a different approach to study the ultra-strong coupling with
free space radiation. We perform the full diagonalization of the coupled system Hamilto-
nian provided in section IIIA and analyze the resulting properties of the system eigenstates,
with particular attention to the ultra-strong coupling regime. As already discussed in sec-
tion IIIA, the system consists of three bosonic reservoirs (two photonic and one electronic)
with continuous energy spectra, coupled to a discrete bosonic state Pk (the multisubband
plasmon). Therefore the eigenstates of the light – matter coupled system can also be de-
composed into three continua of bosonic excitations whose associated annihilation operators
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are denoted αk,Ω, α
′
k,Ω and βk,Ω. These operators must obey the characteristic equations:
[
α′
k,Ω, H
]
= ℏΩ α′
k,Ω (31)
[βk,Ω, H ] = ℏΩ βk,Ω (32)
[αk,Ω, H ] = ℏΩ αk,Ω (33)
Given the quadratic form of the Hamiltonian of section IIIA, the bosonic excitations of the
coupled system are linear combinations of the bare excitation operators: Pk, P
†
−k, ak,s,Ω,
a†−k,s,Ω, bk,Ω and b
†
−k,Ω.
We first show that it is possible to redefine the basis operators such that only one
continuum couples with the MSP. For this we note that the photonic modes defined as
α′
k,Ω =
1√
2
[ak,u,Ω − ak,d,Ω] do not couple with Pk. Therefore they follow equation (31) and
correspond to eigenstates of the coupled system. In a similar way, we identify the superpo-
sition βk,Ω of electronic and photonic modes that do not couple with the MSP:
βk,Ω =
√
2πKk,Ω√
γ + Γk(Ω)
ak,Ω −
√
4πWk,Ω√
γ + Γk(Ω)
bk,Ω (34)
In this equation, ak,Ω =
1√
2
[ak,u,Ω + ak,d,Ω] is the continuum of photonic modes that is
coupled to the plasmon, while Γk(Ω) = 4πW
2
k,Ω is the real part of the damping function
Γ˜ph
k
(Ω). The eigenmodes α′
k,Ω and βk,Ω are only defined above the light cone, i.e. for
Ω > ck√
ǫs
, while, below this limit, only the electronic excitations bk,Ω are present and coupled
to the discrete plasmon mode.
Having identified the uncoupled eigenstates α′ and β, we show in appendix B that the
third continuum of eigenstates, the only one that is coupled with the plasmons, can be
written as:
αk,Ω = fk(Ω)
[
Pk +
Ω− ω0
Ω + ω0
P †−k
]
+
∫
dΩ′ gk(Ω,Ω′)
{
bk,Ω′ +
Ω′ − Ω
Ω′ + Ω
b†−k,Ω′ +
√
2Wk,Ω′
Kk,Ω′
[
ak,Ω′ +
Ω′ − Ω
Ω′ + Ω
a†−k,Ω′
]}
(35)
In this formula, function gk is related to fk by the following expression:
gk(Ω,Ω
′) = −2iω0Kk,Ω′
Ω+ ω0
[
1
Ω− Ω′ + π zk(Ω) δ(Ω− Ω
′)
]
fk(Ω) (36)
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The function zk(Ω) depends on the frequency shift Gk(Ω) = Im
[
Γ˜ph
k
(Ω)− Γ˜ph
k
(−Ω)∗
]
(or
Lamb shift, see section IIIB), according to:
Ω2 − ω20 − ω0 Gk(Ω) = ω0 [Γk(Ω) + γ] zk(Ω) (37)
In order to study the properties of the new eigenstates, described by the operators αk,Ω, we
use the bosonic normalization conditions to derive the plasmon amplitude fk (see appendix
B):
|fk(Ω)|2 = 1
2π
γ + Γk(Ω)[
Ω− ω0 − ω0ω0+Ω Gk(Ω)
]2
+
4ω2
0
(ω0+Ω)2
[
γ
2
+ Γk(Ω)
2
]2 (38)
As it was already mentioned in section IIIC, in the radiative region, i.e. for Ω > ck√
ǫs
, the
frequency shift Gk is zero, therefore the denominator in equation (38) is identical to the one
appearing in the absorptivity, reflectivity and transmissivity formulae provided in section
IV.
Figure 11 presents the plasmon weight (or plasmon Hopfield coefficient) of the light –
matter coupled operators αk,Ω, calculated as |fk(Ω)|2
[
1− (Ω−ω0)2
(Ω+ω0)2
]
. In the figure the plasmon
Hopfield coefficients are plotted in color scale as a function of the photon frequency and
momentum (in normalized units) for coupling parameters typical of highly doped quantum
well structures. In both panels, obtained for two different values of the ratio Γ0/ω0, one
can observe two modes: a radiative mode above the light-line (indicated by a dashed line in
fig. 11) and a non-radiative mode below the light line.
The multisubband plasmon radiative mode broadens in the photon continuum when
increasing k, as a result of the increase of the coupling constant Wk,Ω between the plasmon
and the photonic reservoir. This coupling constant presents a divergence at the light cone,
i.e. for Ω = ck√
ǫs
, which causes the system to enter the ultra-strong coupling regime, when Γk
becomes a significant fraction of ω0. The broadening effect is stronger in fig. 11b, obtained
for a higher ratio Γ0/ω0: ultra-strong coupling is thus achieved on a larger domain.
Note that the properties of the radiative mode perfectly reflect the characteristics of the
optical spectra calculated within the input-output formalism and their dependence on the
incidence angle. However, the present approach also provides information on the quantum
eigenstates below the light cone, the non-radiative modes. Indeed all the relations derived
above remain valid in that region except that the continuum of photon modes ak,Ω disap-
pears, and therefore Γk(Ω) = 0, while the energy shift Gk(Ω) is now non-zero. In that case,
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FIG. 11. Plot of the plasmon weight |f(Ω)|2
[
1− (Ω−ω0)2
(Ω+ω0)2
]2
of the coupled system eigenstates αk,Ω,
as a function of the normalized wavevector ck√
ǫsω0
and of the normalized frequency Ω
ω0
, for γ = ω015
and for Γ0 =
ω0
30 (a) and Γ0 =
ω0
6 (b). The dashed white line indicates the light cone: Ω =
ck√
ǫs
.
equation (38) describes a Lorentzian resonance, with non-radiative linewidth γ, centered at
the shifted energy ω0 +
ω0
ω0+Ω
Gk(Ω). This resonance corresponds to a localized mode, also
called Epsilon Near Zero mode, and it has been described using a semiclassical approach in
refs. 25 and 31. The two branches of the light – matter coupled states are also very similar
to those observed in z-polarized excitons in quantum wells32.
The annihilation operator describing the coupled state αk,Ω is not only a combination of
the annihilation operators of the uncoupled bosons, but also of the creation operators P †−k,
a†−k,Ω and b
†
−k,Ω. This is a signature of the antiresonant coupling terms of the Hamiltonian.
Due to the frequency ratios appearing in front of the creation operators in equation (35),
these terms only become important when the broadening is a significant fraction of ω0,
i.e. in the ultra-strong coupling regime. These creation operators are determinant for
the investigation of the peculiar quantum properties of the ultra-strong coupling regime.
Indeed, due to these terms, the ground state of ultra-strongly coupled systems contains a
non-vanishing number of plasmons and photons. They are virtual excitations that can only
be released if the light–matter coupling is modulated in time. This effect, called dynamical
Casimir effect, was previously studied in the case of ultra–strong coupling between a material
excitation and the discrete mode of an optical microcavity. In that case it was demonstrated
that time-modulation of the Rabi frequency leads to the emission of an optical radiation
outside the microcavity27,28. More recently, it was also shown that dynamical modulation
of the Rabi frequency can generate squeezed light in the ultra–strong coupling regime29.
Our work shows that similar quantum effects could be observed in the case of ultra-strong
27
coupling with free space radiation.
VII. CONCLUSION
We demonstrated that ultra – strong light – matter coupling regime can exist in the ab-
sence of photonic confinement and be observed in systems in which the radiative broadening
exceeds the non-radiative broadening and is comparable with the matter excitation energy.
A system of choice for the observation of this regime is a dense two-dimensional electron gas,
where collective electronic excitations with superradiant nature can be observed. We have
developed an input-output model to study the optical properties of this system, including
a microscopic description of the collective excitations. Our model, accounting consistently
for radiative and non-radiative decay of collective excitations, clearly shows that anti – res-
onant terms of the light – matter interaction cannot be neglected and that RWA provides
unphysical results at high incidence angles. We have also applied our formalism to the case
of an electronic input, showing that Kirchhoff’s law of thermal emission is a consequence of
our general assumptions.
The diagonalization of the complete light – matter interaction Hamiltonian provided us
with the mixed eigenstates of the coupled system, including a radiative mode and a localized
epsilon near zero mode. We demonstrated that antiresonant terms of the interaction play an
important role in the properties of the mixed states. In particular, due to these terms, the
ground state of the ultra-strongly coupled system contains virtual plasmons and photons.
This work opens exciting perspectives, as it enables achieving ultra-strong coupling in sys-
tems free from any light confinement, and therefore it provides new ways to study the fasci-
nating phenomena associated with this regime, such as dynamical Casimir effect27,28, ultraef-
ficient light emission16,33,34, generation of squeezed light29 or enhanced charge transport35–37.
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Appendix A: Superradiant light-matter coupling
1. Real part of the damping function and emission rate
To compute the spontaneous emission rate of the superradiant MSP, we start from the
expression of light-matter coupling in the dipole representation of the Coulomb gauge18,
considering that the MSP polarization is oriented along z:
HphI = −
∫
d3r
Dz · Pz
ǫ0ǫs
(A1)
Using the standard quantization procedure for the electromagnetic field in a rectangular box
with periodic boundary conditions, characterized by in-plane area S and length Lz along
the growth axis, the displacement vector Dz(r) is rewritten as:
Dz(z, r||) = i
∑
q,k
√
ℏǫ0c2k2
2SLzωq,k
eik·r||+qz
[
αq,k − α†−q,−k
]
(A2)
In this expression, q and k are the z and in-plane wavevector components of the quantized
photon mode characterized by the eigenfrequency ωq,k =
c√
ǫs
√
k2 + q2 (see fig 4). The
associated creation and annihilation operators are denoted αq,k and α
†
q,k. Using equation
(4), this yields:
HphI = iℏ
∑
n,q,k
νn,q,k
[
α†q,k − αq,−k
] [
Pn,k + P
†
n,−k
]
(A3)
The coupling constants νn,q,k are computed in the long-wavelength approximation, i.e. as-
suming that the QW thickness is negligible compared to the optical wavelength 2π/q. This
yields:
νn,q,k =
c|k|√S| ∫ dz Jn(z)|
ωn
√
2ǫ0ǫ2sℏωq,kLz
(A4)
In order to derive the Hamiltonian (6), it is necessary to change from the wavevector basis
(q,k) to the frequency basis (Ω,k). To that end we introduce new photon operators
ak,u,Ω =
1√
ρk(Ω)
∑
q>0
αq,k δ(Ω− ωq,k) (A5)
ak,d,Ω =
1√
ρk(Ω)
∑
q<0
αq,k δ(Ω− ωq,k) (A6)
The photonic density of states ρk, at fixed k is given by:
ρk(Ω) =
Lz
2π
ǫs
c2
Ω√
ǫsΩ2
c2
− k2
Θ
(
ǫsΩ
2
c2
− k2
)
(A7)
With this definition, it can be easily checked that the operators ak,s,Ω and a
†
k,s,Ω still follow
bosonic commutation rules and that the full system Hamiltonian takes the form given in
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section IIIA, with the following definition for the renormalized coupling coefficients:
Wn,k,Ω =
√
ρk(Ω) νn,q,k (A8)
In the case of highly doped QWs, one superradiant MSP mode n = 0 concentrates most
of the oscillator strength. Its radiative decay rate is expressed as:
Re
[
Γ˜ph
k
(ω)
]
= 4π W 20,k,ω (A9)
= Γ0
ck2
√
ǫsω0
√
ǫsω2
c2
− k2
Θ
(
ǫsω
2
c2
− k2
)
(A10)
with
Γ0 =
S
ℏǫ0
√
ǫs
| ∫ dz J0(z)|2
cω0
As shown in section II, Γ0 is approximately proportional to the surface electronic density
Ns
15.
2. Imaginary part of the damping function and Lamb shift
The imaginary part of the radiative damping function is obtained from equation (15) and
verifies the following Kramers-Kronig relation:
Im
[
Γ˜ph
k
(ω)
]
=
1
π
P
∫ ∞
−∞
dω′
Re
[
Γ˜ph
k
(ω′)
]
ω − ω′ (A11)
This term corresponds to a Lamb shift of the plasmon frequency due to emission and ab-
sorption of virtual photons. This shift can be evaluated analytically combining equations
(A10) and (A11):
Im
[
Γ˜ph
k
(ω)
]
=
Γ0ck
2
πω0
√
ǫs
P
∫ ∞
ck√
ǫs
dω′
1
(ω − ω′)
√
ǫsω′2
c2
− k2
=
2Γ0c
πω0
√
ǫs
k2√
ǫsω2
c2
− k2
log


√√√√ω + ck√ǫs
2 ck√
ǫs
+
√√√√ω − ck√ǫs
2 ck√
ǫs

 if ω > ck√
ǫs
= − Γ0c
πω0
√
ǫs
k2√
k2 − ǫsω2
c2
[
π
2
+ sin−1
(√
ǫsω
ck
)]
if − ck√
ǫs
< ω <
ck√
ǫs
=
2Γ0c
πω0
√
ǫs
k2√
ǫsω2
c2
− k2
log


√√√√ |ω|+ ck√ǫs
2 ck√
ǫs
−
√√√√ |ω| − ck√ǫs
2 ck√
ǫs

 if ω < − ck√
ǫs
In the radiative region, i.e. when |ω| > ck√
ǫs
, the imaginary part of Γ˜ph
k
is much lower than
its real part and it is an odd function of ω. Therefore the corresponding frequency shift
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Im
[
Γ˜ph
k
(ω)− Γ˜ph∗
k
(−ω)
]
cancels.
In the non-radiative region, i.e. when |ω| < ck√
ǫs
, the frequency shift is non-zero and it
determines the energy of the localized mode (or epsilon near zero mode). It is given by the
following relation:
Im
[
Γ˜ph
k
(ω)− Γ˜ph∗
k
(−ω)
]
= −Γ0 ck
2
√
ǫsω0
√
k2 − ǫsω2
c2
Θ
(
k2 − ǫsω
2
c2
)
(A12)
For the analysis of optical properties of highly doped quantum wells provided in sections III
to V, the only relevant values of ω are in the radiative region, therefore the frequency shift
is discarded. However, equation (A12) relies on the long-wavelength approximation. This
approximation breaks down in thick heterostructures, in which the Lamb shift might become
observable, and is expected to be enhanced due to the superradiant nature of multisubband
plasmons23,24.
Appendix B: Diagonalization of the ultra-strong coupling Hamiltonian
In this appendix we provide the details of the diagonalization procedure used in section VI.
Once the uncoupled continua α′
k,Ω and βk,Ω have been identified, we describe the annihilation
operators αk,Ω of the mixed eigenstates with the general expression:
αk,Ω = fk(Ω) Pk + f˜k(Ω) P
†
−k
+
∫
dΩ′
[
gk(Ω,Ω
′) bk,Ω′ + g˜k(Ω,Ω′) b
†
−k,Ω′ + hk(Ω,Ω
′) ak,Ω′ + h˜k(Ω,Ω′) a
†
−k,Ω′
]
(B1)
We then introduce this definition into the eigenstate commutation relation:
[αk,Ω, H ] = ℏΩ αk,Ω (B2)
By equating the coefficients of the basis operators appearing on both sides of (B2), we derive
the following relations (the index k is omitted in the following when unnecessary):
f˜(Ω) = f(Ω)× Ω− ω0
Ω + ω0
(B3)
g˜(Ω,Ω′) = g(Ω,Ω′)× Ω
′ − Ω
Ω′ + Ω
(B4)
h˜(Ω,Ω′) = h(Ω,Ω′)× Ω
′ − Ω
Ω′ + Ω
(B5)
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[
Ω− Ω′]g(Ω,Ω′) = −i 2ω0
Ω + ω0
KΩ′ f(Ω) (B6)
[
Ω− Ω′]h(Ω,Ω′) = −i 2ω0
Ω + ω0
√
2WΩ′ f(Ω) (B7)
[
Ω− ω0
]
f(Ω) = i
∫
dΩ′
2Ω′
Ω + Ω′
KΩ′ g(Ω,Ω
′) +
2Ω′
Ω+ Ω′
√
2WΩ′ h(Ω,Ω
′) (B8)
To write these expressions, we assumed for simplicity that KΩ is real but the general results
derived in this section are also true for complex values of KΩ. To solve this system of
equations, we use Dirac’s method38 and replace equations (B6) and (B7) with the following
ansatz:
g(Ω,Ω′) = −2i ω0KΩ′
Ω + ω0
[
1
Ω− Ω′ + π zel(Ω) δ(Ω− Ω
′)
]
f(Ω) (B9)
h(Ω,Ω′) = −2i
√
2ω0WΩ′
Ω + ω0
[
1
Ω− Ω′ + π zph(Ω) δ(Ω− Ω
′)
]
f(Ω) (B10)
The δ-function terms are added to treat the equality case Ω = Ω′ (when g or h are integrated
over Ω′, only the principal part of the divergent fraction [Ω − Ω′]−1 should be considered).
Furthermore, inserting equations (B9) and (B10) into the orthogonality condition [βΩ′ , α
†
Ω] =
0, we find that zel(Ω) = zph(Ω) ≡ z(Ω). These expressions are then injected into (B8) and
yield the following relation (from which the value of z(Ω) can be inferred):
Ω2 − ω20 = ω0 [γ + Γ(Ω)] z(Ω) + ω0Gel(Ω) + ω0Gph(Ω) (B11)
Where,
Gel(Ω) =
∫
dΩ′
4Ω′K2Ω′
Ω2 − Ω′2 =
1
π
{
Im
[
Γ˜el(Ω)
]
+ Im
[
Γ˜el(−Ω)
]}
(B12)
Gph(Ω) =
∫
dΩ′
8Ω′W 2Ω′
Ω2 − Ω′2 =
1
π
{
Im
[
Γ˜ph(Ω)
]
+ Im
[
Γ˜ph(−Ω)
]}
(B13)
Following the analysis carried out in appendix A, we neglect the frequency shift Gel, while
Gph is given by equation (A12). We have so far demonstrated the relations (35), (36)
and (37). The only remaining step to characterize completely the eigenstates αk,Ω, is to
determine the plasmon amplitude f(Ω). This is done using equations (B3), (B4) and (B5),
together with the ansatz (B9) and (B10) in order to rewrite αΩ as a function of the only
remaining unknown parameter f(Ω). We then apply the following commutation rule:
δ(Ω1 − Ω2) = [αΩ1, α†Ω2 ]
= f(Ω1)f(Ω2)
∗ 2ω0(Ω1 + Ω2)
(Ω1 + ω0)(Ω2 + ω0)
×
{
1 +
∫
dΩ
[
1 +
Γ(Ω)
γ
]
4Ωω0K
2
Ω
(Ω1 + Ω)(Ω2 + Ω)
×
[
1
Ω1 − Ω + πz(Ω1) δ(Ω1 − Ω)
] [
1
Ω2 − Ω + πz(Ω2) δ(Ω2 − Ω)
]}
(B14)
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In the integral over Ω of the equation above, the terms involving δ-functions are easily
computed. The last term is:
ω0
π
∫
2ΩdΩ [γ + Γ(Ω)]
1
Ω21 − Ω2
1
Ω22 − Ω2
=
ω0
π
∫
du
[
γ + Γ(
√
u)
] 1
Ω21 − u
1
Ω22 − u
= ω0
Gel(Ω2) +Gph(Ω2)−Gel(Ω1)−Gph(Ω1)
Ω21 − Ω22
+
πω0
2Ω1
[γ + Γ(Ω1)] δ(Ω1 − Ω2) (B15)
For this last equality, we have used the following relation on principal parts of divergent
fractions38:
1
Ω21 − u
1
Ω22 − u
=
1
Ω21 − Ω22
[
1
Ω22 − u
− 1
Ω21 − u
]
+ π2 δ(u− Ω21) δ(Ω21 − Ω22) (B16)
Finally, in the right-hand side of equation (B14), all terms cancel but the ones proportional
to δ(Ω1 −Ω2) (this is a consequence of equation (B11) applied at Ω = Ω1 and Ω = Ω2). We
thus obtain the following equality for |f(Ω)|, which is equivalent to (38):
|f(Ω)|2 2πω
2
0
(Ω + ω0)2
[γ + Γ(Ω)]
[
1 + z(Ω)2
]
= 1 (B17)
Note that all the expressions above, although derived above the light cone, remain valid for
Ω < ck√
ǫs
.
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